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Fig. 2 Dimensionless surface
isopressure map.
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Fig. 3 Effect of discharge aspect ratio on centerline axial pressure
distribution.

200

100

Fig. 4 Effect of offset distance on the maximum centerline pressure
coefficient for two- and three-dimensional jets.

lower. Furthermore, a decrease in h brings about a decrease in
Cp max for two-dimensional jets, while it causes an increase in
Cp max for three-dimensional jets.

The behavior of surface pressure for small values of h re-
quires careful consideration. For small values of the dimen-
sional offset distance h* compared to the discharge width f,
centerline surface pressure in the vicinity of the discharge
should approach that of two-dimensional slot jets. Expressing
this ratio in dimensionless form gives h*/¥*=eh. Thus, two-
dimensional behavior should be approached for h< \/e. From
this, it follows that the larger the aspect ratio, the smaller h
must be to obtain pressure values of two-dimensional jets.
This is clear in Fig. 4, which shows that CAmax occurs in the
vicinity of the discharge. For e = 0.1, CAmax approaches its
two-dimensional value at h — 0.5. At this offset distance,
CAmax for e = 0.44 is still an order of magnitude lower than the
value corresponding to two-dimensional jets. However,
decreasing h further brings the value of CAmax asymptotically
closer to the jets two-dimensional level. In the limiting case of
a wall jet (/* = 0), the pressure throughout the jet is essentially
equal to ambient value and, therefore, Cp = Cp>max^O. Thus,
at very small values of h (i.e., #<0.15), the CAmax curves for
all aspect ratios should coalesce into as single curve along
which CAmax decreases as h is decreased (two-dimensional
behavior) and vanishes at h = 0. It was not possible to verify
this asymptotic behavior with the present experimental
apparatus.

Conclusions
In general, surface pressure distribution for three-

dimensional jets can differ signficantly from two-dimensional
jets. However, the centerline surface pressure distribution for
three-dimensional jets approaches that of two-dimensional
jets at h<l/e.

The negative/positive/negative feature of surface pressure
coefficient was found to characterize three-dimensional offset
jets. The negative surface pressure following reattachment is
confined to lateral distances within the channel half-width,
i.e., x< l/2e. The negative pressure peaks just downstream of
the discharge and the positive peaks after the reattachment
points are enhanced as the aspect ratio and/or offset distance
are decreased.
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Transient Induced Drag

D. Weihs* and J. Katzf
NASA Ames Research Center, Moffet Field, California

Introduction

A FUNDAMENTAL problem of unsteady aerodynamics is
the calculation of forces on a wing that is suddenly

brought into motion at a constant speed. The simplest case (a
two-dimensional, thin airfoil in an incompressible fluid) was
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first studied by Wagner1 in 1925. The Wagner solution was
generalized to include gust entry, compressible flow, finite
wing span, and flexibility.2'4 These results can be used to
calculate the forces experienced by a lifting surface perform-
ing more complicated motions by the superposition of the in-
dicial responses.5

References 1-5 do not examine the unsteady potential (in-
duced) drag. A calculation of this contribution to the forge
balance is presented in this Note.

Analysis
The "inviscid" drag on lifting surfaces is a result of stream-

wise vorticity shed into the wake, inducing additional velocity
components on the surface. Thus, no induced drag is obtained
in steady flow over a two-dimensional airfoil. However, the
situation is different in transient motion. Here, two separate
contributions to induced velocity can be identified: 1) the
starting vortex which has a rapidly decaying influence and
2) the vorticity shed because of spanwise nonuniformity
(finite span effects) that grows with elapsed time. The first
contribution, which we call starting drag, is independent of
the aspect ratio and can be understood by using the following
model.

Take a flat plate of chord c, at an angle of attack ag (Fig.
1). At time / = 0, the plate starts moving at speed U. At the
instant of starting, the plate has already been accelerated to
speed U, but no motion has occurred. The only points where
vorticity can appear at this time are singular points, such as
the sharp leading and trailing edges. In order to find the
strength of these "indicial" vortices, we recall Wagner's
result for the two-dimensional case: that the lift at time / = 0
(following the initial "added mass" pulse) is one-half the
steady lift. For the flat plate, we assume the lift coefficient
dependence on the angle of attack is linear, as in the steady
state so that the effective aerodynamic angle of attack aa at
£ = 0 is otg/2t deduced from Wagner's result. But oia = otg
— a,, where a/ is the induced angle of attack, written as

-*• u

Fig. 1 Schematic description of flowfield and geometry of the airfoil.

Fig. 2 Inviscid drag coefficient of a rectangular plate of 1̂ = 8 at 5
deg angle of attack as a function of nondimensional time. The two ef-
fects, impulsive and dynamic, are shown separately. The curves tend
to the steady values on the right edge of the figure. X marks the initial
value of CD predicted by Eq. (6).

where W represents the downwash velocity at each edge of
the foil induced by the opposite vortex and the subscript 0
the conditions at time = 0. The induced velocity WQ (on both
the leading and trailing edges) can be computed by using the
expression for the normal velocity (Ref. 6, Chap. 1) induced
by a two-dimensional vortex line F at a distance c, as shown
in Fig. 1,

As stated previously,

1
2 47T 47T (l/2)PU2C 2-KCU

(2)

(3)

where Cg<x is the section steady lift coefficient at time—oo, so
that, combining Eqs. (1-3),

F — r (4}1 o ~~ *• oo VTJ

Thus, in this model, the total bound vorticity is produced at
the initial impulse. This approach, when generalized to finite
times, can be used as an alternative to the indicial approach
for unsteady aerodynamics and will be reported in detail in
the future. For our present purpose, it is sufficient to note
that (Ref. 6, Chap. 3)

= pWT (5)

where D is the induced drag per unit span. If we rewrite this
equation in terms of coefficients and substitute Eqs. (3) and
(4), we obtain, for the induced drag at the inception of
motion,

D (Y2)PU2C U

=

t0

Ceoo

47T 47T
(6)

This result, as mentioned previously, is independent of the
wing aspect ratio. As time increases, this effect on the drag
force becomes smaller as the vortex emanating from the
trailing edge is left behind, becoming vanishingly small for
large times. The second contributor to induced drag is the
spanwise vorticity shedding that results from the spanwise
load distribution of three-dimensional wings. This contribu-
tion grows with time as the length of the wake grows.

Detailed computations of the variation of the induced
drag, with elapsed time from the impulsive start, have been
performed using an unsteady lifting surface code.7 In this
program, the forces are obtained by integration of the
pressure field over the wing surface, the pressure field being
obtained from the unsteady Bernoulli's equation. For incom-
pressible flows, the pressure integral includes only the
dynamic [ (p/2)t/2] and the impulsive (d<j>/dt) terms.6 These
two contributions are shown in Fig. 2 for a rectangular flat
plate of ^R = 8 at angle of attack ag = 5 deg.

Figure 3 shows the effect of the aspect ratio on the varia-
tion of CD vs the elapsed time from the impulsive start. The
unsteady starting component of the drag (two-dimensional)
is almost equal to the steady, induced drag of an elliptical
wing of & = 4. Thus, as observed, the rectangular wing of
vK = 4 in Fig. 2 would exhibit an almost constant drag coeffi-
cient. The initial induced drag, as obtained by Eq. (6), is
shown by the X mark in Fig. 2. The difference between this
simple model and the more detailed computation of Ref. 7 is
caused both by the approximate nature of the model of Eqs.
(1-4) and the fact that the induced drag of the rectangular
wing is higher than that of an elliptical wing of equal aspect
ratio assumed in this model. Also, the numerical technique
used is less accurate at times too close to the impulsive start,

), where t* = tU/c.
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Fig. 3 Inviscid drag coefficient of rectangular plates of varying
aspect ratio as a function of nondimensional time.
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Fig. 4 Lift-to-inviscid-drag ratio for the planforms of Fig. 3. The
curve for the two-dimensional airfoil (yR = oo) tends to infinity as
CDi = 0 for the steady case.

Another result of the starting drag component is that the
induced drag grows faster than the lift. This is shown in Fig.
4, where the inviscid lift-to-drag (L/D) ratios for the wings
are shown. All of the curves exhibit monotonic growth as a
function of time. Had the lift been the faster-growing func-
tion, L/D would have had a decreasing dependence on the
elapsed time.
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Unified Supersonic/Hypersonic
Similitude for Oscillating Wedges

and Plane Ogives

Kunal Ghosh*
Indian Institute of Technology, Kanpur, India

Introduction

T HE large deflection hypersonic similitude of Ghosh1 was
applied by Ghosh and Mistry2 to the case of an oscillating

wedge and plane ogive (nonplanar wedge) to obtain a closed-
form expression for the pitching moment derivative due to the
rate of pitch Cmq. This derivative had been denoted Crad in
Ref . 2 due to a later discovered error in the nomenclature and
the similitude extended to oscillating delta wings in Ref. 3. In
Ref. 4, a similitude for nonslender cones and quasicones has
been outlined and the cylindrically symmetric piston motion
of Sedov5 extended. Hui6 developed a small-perturbation ap-
proach to treat oscillating wedges with attached shocks in
supersonic/hypersonic flow. In this Note, a unified super-
sonic/hypersonic similitude for a wedge and quasiwedge is
given. This approach was first reported in abstract form in
Ref. 7.

Steady Wedge
Figure 1 shows the upper half of a wedge at constant-zero

incidence with an attached bow shock in rectilinear flight (at
time t) in stationary inviscid air. The wedge starts its motion at
time t - 0 from point 0. Dimensional analysis indicates that the
flow is conical in nature, i.e. , at a given instant d/dr = 0, where
r is the distance along a ray from the apex. Therefore, the bow
shock must coincide with a ray. The space- fixed coordinate
system (x,y) is so chosen that the x axis coincides with the bow
shock at time ^ = 0. The conicality of the flow implies that the
streamlines at an instant t have the same slope where they in-
tersect a particular ray from the apex. Since the shock sets the
fluid particles in a motion normal to itself, the instantaneous
streamlines must intersect the shock at right angles. The
dashed lines in Fig. 1 are the probable streamline shapes. We
tentatively assume that the streamlines are straight as shown
by the solid lines in Fig. 1; if this leads to d/dr = 0, then it is a
solution. Consider the plane flow on a stream surface x = 0. At
time t, the shock location on A: =0 is

(la)

and it can be shown from geometry that the body location is

(Ib)

Since the inviscid flow in plane x= 0 is independent of the flow
in a neighboring parallel plane, it can be taken as a piston-
driven fluid motion where the piston velocity is dyb/dt and
hence the piston Mach number is

Mp=l sin6/cos(/3 - dc)

The shock Mach number in this plane of motion is Ms = Mw
sin/3. Since the piston velocity is independent of time,
dp/dy = Q. Since the streamlines are straight, there is no cen-
trifugal force on the fluid particles. Hence, dp/dx=Q and
dp/dr = Q. Thus, the wedge flow is exactly equivalent to one-
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